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Overview

A problem in probability and combinatorics: non-existence and lower-tail
probabilities in random graphs

The critical regime
Connections to phase transitions in statistical physics

Getting some answers by analyzing algorithms (Belief Propagation)
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Main Problem

Large deviations in Erdos—Renyi random graphs

Non-existence probabilities in G(n,p): Pr(X; = 0)

Lower-tail probabilities Pr(X,; < nlEX,;) (consider H = K; for the talk)

Avoiding k-AP’s in random sets of integers: Pr(X;([n],) = 0)



Main Problem

* Closely connected to asymptotic enumeration: how many triangle-free
graphs are there on n vertices? How many triangle-free graphs on n
vertices m edges? How many graphs on n vertices with m edges, t

triangles?

* In probability theory, this is a question of non-linear large deviations:
PriX, + ...+ X, < T1vs Pr[ ) X;X; X, < T}
ik



Main Problem

A lot depends on choice of parameters:

p constant (dense) vs p small (sparse)

Upper tails (too many) vs Lower tails (too few); choice of n € |0,1)

Accuracy:

 Order of log Pr()
 Asymptotics of log Pr()

« Asymptotics of Pr()



Triangle-free Graphs

: a triangle-free graph on n vertices has at most |n%/4| edges
(balanced complete bipartite graph)

. almost all triangle-free graphs are
bipartite: | (n)| = (1 +0(1))|AB(n)|.

: triangles emerge in G(n,p) at p = ®(1/n) (Poisson
distribution); Pr(X = 0) ~ =




Subcritical Regime

e D=0 (n_l/z): gives asymptotics of log Pr(X = 0),

Poisson Paradigm: log Pr(X =0) = — (1 + o(1))EX

» Conditional distribution is disordered - no global structure, looks like a
random graph but without triangles

 The cost’ is the expected number of triangles you need to Kill



Supercritical Regime

p=w (n—l/z)
log Pr(X = 0) ~ log Pr(bipartite): proved with regularity methods
( ) or hypergraph containers ( and

)

Conditional distribution is near bipartite: max-cut contains almost all
edges; ordered

The cost is the number of edges you need to Kill (@(nzp))



Critical Regime

What happens when p = ®(rn~!"?)? Known that
log Pr(X = 0) = ®(n”'?) but what is the constant?

1
Compute f(c) = Iim — log Pr(X = 0) with p = cn~!'? (the rate
n—-oo N
function)

How does the conditional distribution change from disordered to
ordered?

Critical regime is where the costs balance n3p3 = an



Critical Regime

* \We see the same dichotomy for many other non-existence problems (H-
free, k-AP-free sets, sum-free sets,...)

« When p = w(n™"), hypergraph containers give the answer (related to a
global optimizer

» When p = o(n™"), Janson’s inequality does (Poisson behavior)



L ower talls

* Constant p: show rate functions given by
graphon optimization problems

. . lower-tail rate function for p = w(n™) given by mean-

field optimization problem: choose edge probabilities p, to minimize
relative entropy while achieving target in expectation

. :p = o(n~%) given by Poisson lower tail



Main question

« What happens in the critical regime p = cn™%?

* How does the conditional distribution change from homogeneous to
reflecting a global optimizer or extremal example?

?

—




Order-disorder phase transitions

 Some intuition given by classic statistical physics models (Ising, Potts,
hard-core)

High temperature ( small) Low temperature (£ large)



Hard-core model

 Hard-core model: probability distribution on independent sets of G given

Gibbs m here Z (1) = E A" s th
G(/l) (Gibbs measure) where G( ) 4 is the

germinating function of independent sets (partition function)

by pi (1) =

 Toy model of a gas

 Many applications in combinatorics, probabillity, algorithms



Hard-core model

Large A — crystalline phase
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Phase transition



Phase transition

Several definitions of phase transition (Gibbs uniqueness, correlation
decay, ...)

Analytic definition: define ¢ (1) = lim

loe Z, (A) (free ener
Amzd [A ] gZy () ( gy

or pressure)

Phase transition occurs at 4. if ¢ ,(A) is non-analytic at 4.
theory of phase transitions.

Non-analyticity requires complex zeroes of Z to condense on positive real
axis.



Lower talils via partition functions

 Wecanwrite PrX =0)= ) pl(1 - p))71% = (1 — p)5)Z,(2)
H-free G

- Where Zy(A) = Z 1161is the generating function for H-free graphs
H-free G

o Our goal: determine asymptotics of log Z,;(4)



Lower talils via partition functions

_ For lower-tails: Z(4,¢) = 2 A161(1 — 0)y%#0) - exponential penalty for

G
copies of H

» Find ¢ so that |, -Xj; = nl X} and determine asymptotics of
log Z,,(4, ) and




Hypergraph Hard-core Model

n

2
graph and hyperedges for each set of k edges that form a copy of H (e.g.

for triangles, k = 3.

. Form the hypergraph G; with vertex set the ( ) edges of the complete

H-free graphs correspond to independent sets in G,

Graph with few copies of H correspond to vertex sets of G that induce
few edges

1
In all these examples, critical regime is p = cA™ %=1




3 Perspectives

These models appear in at least 3 different contexts with similar goals

Statistical physics: underlying graphs usually specific infinite lattices (Zd)

with physical motivation; understand log Z(4) to determine phase
transitions

Combinatorics: graphs/hypergraphs encode specific combinatorial
structures, understand log Z(A) for asymptotic enumeration

Algorithms: complexity of approximating Z(A) or sampling from the Gibbs
measure in the worst-case over graph classes (say, all graphs of

maximum degree A)



Marginals

Gibbs measure (Boltzmann distribution): i, A(S) =

Marginal: u, = p, v € S)

. Usefulidentity: |, .| S| = A(log Z(4, ()" or log Z(4, () = J

AP = o)lEG

Z(4,C)

/ _t,C‘S‘

0

So it is enough to compute all marginals to first order.

Similar expression for |, | E(S) | as derivative in ¢

dt



Correlations

Statistical physicists think in terms of correlations

///t\u,v — Hyy — Kyl

Do correlations decay rapidly? If not, what explains the correlations (and
can this be conditioned away)

E.g. condition on dominant color in low-temperature Potts / Ising models
Condition on even/odd in high-density hard-core model

Condition on the max cut (bipartition) in a random triangle-free graph



Intuition

* In the critical regime p = cn™%, we want to show correlations decay (if
the constant c is small) and use this to prove an asymptotic formula for

logZ



Algorithmic lechniques

The field of approximate counting and sampling algorithms has several
techniques to prove or exploit correlation decay

Markov chain Monte Carlo (MCMC); need to show fast mixing

Polynomial interpolation or cluster expansion: power series for log Z(4)
- need to prove zero-free region

Computational trees ( )



Computational Trees

 Weitz: given G, v, can construct a computational tree T so hard-core
marginal of v in G equals marginal of the root in T.

* Tree can be exponentially large but if correlations decay, this gives an
efficient algorithm

« Weitz’s theorem: if correlations decay on infinite A-regular tree, then they

decay on computational tree for any graph G of max degree A (Weak
Spatial Mixing -> Strong Spatial Mixing)



Computational Threshold

(A=DA1 ¢
. Weitz / Sly: the WSM threshold on the tree 4 (A) = ——— ~ —
(A —2)A A

marks a computational threshold: for graphs of max degree A, efficient to
approximate Z(4) for A < 4. but NP-hard for 4 > 4.

- A.marks worst-case threshold for all 'nice behaviors’: mixing of Markov
chains, correlation decay, zero-free region of Z, SSM, etc.



Hypergraphs are hard

For hard-core on hypergraphs k > 3, none of these thresholds
coincide!

SSM fails at A = O(A™!) while WSM on the tree holds up to
1
A= O0O(A 7T)

Bad behavior of complex zeroes but good behavior of Markov chains..

Still not fully understood



Hypergraphs are hard

To obtain a formula for log Z we need to go beyond worst-case
considerations

What is special about these combinatorial hypergraphs?

Asymptotically treelike: max degree A — 00, max £-degree

ALG) = o (A%), £=2. . k=1

Same conditions appear in hypergraph containers and Bennett-Bohman
analysis of random greedy independent set in hypergraphs



Belief Propagation

* Belief propagation: message passing algorithm for computing marginals

In a statistical physics model

 Messages from v to a: what would the marginal of v be in graph with a
removed; compute these via incoming messages, assuming

iIndependence
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Bethe free energy

 Bethe Free Energy: a functional of the BP messages, intended to
compute log Z

 Main fact. BP and Bethe Free Energy are exact on trees (and provide
linear-time algorithms)

 Why? If | remove a vertex in a tree, subtrees rooted at its neighbors are
independent in the Gibbs measure



BP and Bethe free energy

* [Intuition: BP and Bethe Free Energy should be approximately correct if 1)
graphs are locally treelike (few short cycles) 2) no long-range correlations]

» Basis of the (replica symmetric) cavity method from statistical physics
used to study random CSP’s and spin models on random graphs

Information, Physics,
and Computation




BP and Bethe free energy

1 1
 Inoursetting:p ~ cA™"T,u, ~ x A7F-1

BP equations: forv € V(G), x, = cexp l——z H ]

eV uce\v

_ Bethe Free Energy B(X) = — — Z Hx — Z [log — — 1]

eeE(G) UEe veV(G)



Main Result

 Theorem: Let G be an asymptotically treelike hypergraph of max degree A;
1
A~ cATTT, with{(k — 1)c*~! < e. Then there is a unique BP fixed point
|
x for y, - on G and log Z(4) = (1 + o(1))A™F=TA ;(X)

k—1
. If Gis A-regular, then X = x, solution to x = ce ™"



Avoiding k-AP’s

 Hypergraph encoding k-AP’s is irregular so BP fixed point not constant.
Has a limit object on the unit interval, a fixed point of a functional equation.

dHF) z(t) = cexp

min{ 1 1_?} Jj—1

1—1’k—y Hw(t_(j_z)s)

k

H r(t+ (i —7)s)ds|

i=j+1
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FIGURE 1. The function z3; from Lemma 1.5 with k£ = 3, ¢ = 1, representing
the density of elements in a random 3-AP-free subset of [n| chosen with prior
density n—1/2.



Phase TranS|t|0n
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« Cor 1. The H-free problem (for strictly 2-balanced H, y(H) > 3) undergoes a
phase transition, in the sense that the rate function has a non-analytic point.

 Proof: formula is analytic but contradicted for large c by P(y(H) — 1 partite);
uniqueness of analytic continuation implies a non-analytic point.



Phase lransition
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 Cor 2. The expected fraction of edges in a max-cut exhibits a phase

transition (non-analyticity).

* Proof: cut-metric result says this fraction is identically 1/2 when

c<e 's result says that this fraction tends to 1 as ¢ — 0.
Apply uniqueness of analytic continuation.



Open Questions




Open Problems

 Compute the rate function for triangle-freeness throughout the critical
regime (conjecture that it is the max of two analytic functions)

 Show there is a unique phase transition point

* Prove that the phase transition is first-order



Open Problems

 Conjecture: the rate function for k-AP-freeness, (,,-freeness is analytic
for c € (0,00) - no phase transition



Open Problems

* Algorithmic: can we sample from the conditional measure throughout the
critical regime? For triangles can sample for small enough or large
enough C



Brief remarks on the proofs




Proof Ideas

We want to apply Weitz’s method (computational hypertree) but Strong
Spatial Mixing fails

We only want first-order asymptotics (constant depth tree may suffice)

Can use the asymptotically treelike condition

d
Study the recursion Ew) =[] (1 -¢ Il 4 f (}ﬁzu))
=1 uce; \{w}

Show it is contractive (in treelike hypergraphs) under Weak Spatial Mixing
condition on the infinite hypertree.



Thank you!



